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We present theoretical calculations of an argon bubble in a liquid solution of 85% wt sulfuric acid and
15% wt water in single-bubble sonoluminescence. We used a model without free parameters to be adjusted. We
predict from first principles the region in parameter space for stable bubble evolution, the temporal evolution
of the bubble radius, the maximum temperature, pressures, and the light spectra due to thermal emissions. We
also used a partial differential equation based model �hydrocode� to compute the temperature and pressure
evolutions at the center of the bubble during maximum compression. We found the behavior of this liquid
mixture to be very different from water in several aspects. Most of the models in sonoluminescence were
compared with water experimental results.
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Flannigan and Suslick �1� have recently measured the ex-
istence of plasma in a sonoluminescent bubble. They used an
85% wt sulfuric acid �H2SO4� and 15% wt water mixture as
the liquid inside a spherical resonator. The gases dissolved in
the liquid mixture were argon, xenon, and neon.

In this work we compute all the relevant characteristics of
the system �thermal, fluid, and chemical� as well as the spec-
tra that should be expected from our temperature calcula-
tions. All the calculations are performed for an argon bubble
in a liquid solution of 85% wt sulfuric acid and 15% wt
water.

We outline first the different components of our model.
Details of the model are given in �2,3�. The dynamics of the
bubble are described by the Rayleigh-Plesset equation �4–6�
generalized for nonequilibrium condensation/evaporation
mass transfer at the bubble interface �7�. See the reviews by
Brenner et al. �8� and Barber et al. �9� for more details. The
ultrasonic pressure in the Rayleigh-Plesset equation is:

ps�t� = Pa · sin�wt − ��

where Pa is the ultrasound wave amplitude, w is the angular
frequency �2�f =w�, and � is the phase �equal to ��.

We compute the transient and spatially nonuniform heat
transfer inside the bubble using a collocation point method
�10� for low acoustic pressures �Pa�1.2 bar�. For acoustic
pressures higher than 1.2 bar the thermal boundary layer is
small enough that it can be approximated by one collocation
point �11�.

We also used the collocation point method to solve the
energy equation in the liquid for low acoustic pressures
�Pa�1.2 bar� and a boundary layer approach for acoustic
pressures larger than Pa�1.2 bar.

We computed the gas diffusion in the liquid and inside the
bubble following a similar approach to the one used for the
thermal equation obtaining the points in phase space that are
stable from a mass diffusive point of view �12�.

Nonequilibrium condensation/evaporation is taken into
account through the accommodation coefficient �7�. The
value for water is taken following the suggestions in �2� to be

equal to 0.21. We assume that the amount of sulfuric vapor
present in the bubble is negligible at all times.

We took into account water vapor chemical reactions that
are important during bubble collapse and chemical reactions
of reacting gases dissolved in the liquid mixture �13�.

Due to the low water vapor pressure there is very little
water vapor inside the bubble during collapse. Therefore ar-
gon makes up for almost all of the bubble contents. Having a
noble gas as the major constituent allows the upscaling of the
sonoluminescence temperatures with minimal endothermic
reactions due to the vapors and noncondensable gases. Due
to the relatively high temperatures achieved in our calcula-
tions we used plasma-type equation of state for the argon
�14�.

We computed nonuniform temperature and pressure dis-
tribution during the few nanoseconds surrounding the bubble
collapse to analyze the possible existence of shock waves.
Although we computed high temperatures and pressures with
a very short duration and weak ionization of the argon gas
we did not observe the presence of shock waves in our
calculations. We performed these calculations using the
hyperbolic partial differential equation �PDE� solver
Clawpack. For all calculations the system temperature and
pressure are taken to be atmospheric �P=105 Pa=1 bar and
T=20 °C=293 K� and the ultrasonic excitation is Ps�t�
= Pa sin��t−�� with a frequency f =28 200 Hz. Table I
shows the sulfuric mixture properties we used. where �L is
the density, �L is the viscosity, cL is the sound velocity, cpL is
the specific heat, kL is the thermal conductivity, and � the

TABLE I. SO4H2�85% wt�–H2O�15% wt� properties �15�.

�L 1778.6 kg/m3

�L 0.015 Pa s

cL 1473 m/s

cpL 1829.2 J / �kg K�
kL 0.3578 W/ �mK�
� 0.0712 N/m2

PH2O 1.00 mbar
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surface tension of the mixture at 20 °C. pH2O is the vapor
pressure.

Figure 1 shows the temporal evolution of the bubble ra-
dius for 3 different R0-Pa combinations. For low acoustic
pressures the solution resembles the R�t� for water. As we
increase the pressure the expansion phase begins closer to
the time of collapse. For high pressures the expansion starts
immediately after the time of collapse. For a given Pa the R0
was chosen as the maximum value compatible with the para-
metric instability boundary �see Fig. 3�.

Figure 2 shows the fixed points in phase space. Figure
2�a� presents the R0-Pa pairs corresponding to a given con-
centration c=c� /c0 where c� is the argon concentration in
the liquid and c0 is the saturation concentration of argon in
the liquid at room temperature �taken as 20 °C�. The c val-
ues are small in most of the phase space. We also present the
same results in R0-Pa phase space to a given time of collapse
tc, due to the fact that the experimental determination of tc is
much easier than R0 �Fig. 2�b��. From these plots one may
conclude that the liquid mixture has to be carefully degassed
before the experiment is conducted and that small quantities
of argon have to be added to the liquid mixture. The alterna-
tive is to use a carrier gas �molecular oxygen or nitrogen for
example� but the cost of doing this is that the dissociation of
this carrier will be endothermic and the addition will reduce
the maximum temperatures.

We computed the shape instability threshold ��16,12�� for
bubbles with imposed concentrations instead of considering
the ambient radius known. In a particular experiment the gas
concentration is fixed. The experimenter controls also the
acoustic pressure intensity but not the ambient radius. We
present the results the usual way �i.e., Pa and R0 are inde-
pendent variables and c is a result of the calculation�. But the
control parameters of the experiment are P0 and c. We called
this “imposed concentration.” We included the effect of the
viscosity in our analysis but not the effect of vorticity �10�.
We also computed the instability due to the Bjerknes force
�17� and the Rayleigh-Taylor instability �18�.

Figures 3�a�–3�c� shows the stability region for bubbles in
the R0-Pa phase space for the parametric instability ��PI�,
Fig. 3�a��, for the Bjerknes force instability ��BI�, Fig. 3�b��,
and for the Rayleigh-Taylor instability ��RTI� Fig. 3�c��.

Figure 3�a� shows that for the region of interest in the
phase space a bubble is more likely to be PI stable for low
Pa. Also the range of R0 that corresponds to stable bubbles
for a fixed Pa becomes smaller as the Pa is increased. The
upper R0 limit is approximately R0=27 �m at Pa=1 bar, and
R0=2.4 �m at Pa=4.8 bar.

Figure 3�b� shows that a bubble is Bjerknes force unstable
for almost all the phase space under investigation. Only a
small triangular region �inset in Fig. 3�b�� for relatively small
acoustic pressures �Pa	1.8 bar� and for relative small am-
bient radius �R0	1.4 �m� is stable. In the unstable region a
bubble undergoing oscillations at the center of the resonator
will experiment a net force that takes the bubble away from
the center. When we compare this behavior with the behavior
observed in water we find it to be very different. In water the
bubble is lost �extinction� for acoustic pressures that are
smaller than the ones corresponding to an unstable BI. The
fact that the bubble is unstable for the BI explains why it is
very difficult to produce a stationary bubble at the center of
the resonator with sulfuric acid �aq.�.

A very significant difference between the results presented
in Figs. 3�a�–3�c� and the corresponding margin stability
boundary for pure water is with respect to the Rayleigh-
Taylor instability. Akhatov et al. �17� found that in water a
bubble with R0=4 �m became unstable for an acoustic pres-
sure of Pa=1.78 bar. Augsdörfer et al. �18� computed the
R-T instability threshold for water and found that with
R0=4 �m the bubble became unstable for an acoustic pres-
sure of Pa=1.25 bar. Augsdörfer et al. �18� also computed
the parametric instability threshold obtaining Pa=1.5 bar for
R0=4 �m. These results suggest that the R-T instability is
the cause for the bubble disappearance in water. For a fixed
R0 a bubble in pure water encounters the Rayleigh-Taylor
instability for the lowest acoustic pressure Pa compared to

FIG. 1. Temporal evolution of the bubble ra-
dius in �m for amplitude acoustic pressures
Pa=2.3, 3.6, and 5.5 bars. The ambient radii are
chosen to be on the parametric instability
boundary.
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the other types of instability. In sulfuric acid Fig. 3�c� shows
that a bubble with a R0=4 �m and Pa=5 bar is RT stable.

The RT stability boundary for sulfuric for a given R0 is
present at a much higher Pa than the water value. We believe
that this is the main reason why high acoustic pressures �and
consequently high maximum temperatures� can be achieved
with sulfuric acid.

From the results shown in Fig. 3 we cannot see clearly
any instability that would produce the bubble extinction. Let
us take each type of instability in turn. The parametric insta-
bility sets a high limit for the amount of gas in a bubble R0
for a given acoustic pressure Pa. If the bubble is character-
ized for a �Pa ,R0� where the bubble grows due to mass dif-

FIG. 2. �a� Fixed points of the model. The plot shows the rela-
tionship between the ambient radius R0 as a function of Pa and
log10�c�. For each point �R0 , Pa� we computed the corresponding
nondimensional concentration c value. The curves are log spaced
for clarity. �b� Fixed points of the model. The time of collapse tc in
microseconds is plotted as a function of R0 and Pa. The time of
collapse tc is the time interval between the moment when the acous-
tic pressure is zero with negative slope and the moment of maxi-
mum bubble collapse.

FIG. 3. Phase space diagram of the parametric instability �a�, the
Bjerknes force instability �b�, and the Rayleigh-Taylor instability
�c�. In �a� and �b� a white color indicates an unstable fixed point. In
Fig. 3�c� the main trend of the PI threshold is also shown together
with the RT instability. In Fig. 3�c� two RT curves are presented.
For 3 bar	 Pa	5.5 bar a fixed point is stable if it lies below the
single RT curve. For 2 bar	 Pa	3 bar the fix point is stable if it
lies below the lower RT curve and unstable if it lies above the upper
curve. In the latter range there is a third curve �not shown for
clarity�.
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fusion a mechanism must exist to eject mass from the bubble
and keep it on the PI boundary. This is in fact observed in
water experiments. The conclusion is that PI will not produce
the bubble extinction but instead will control the maximum
amount of gas in the bubble. The Bjerknes force instability
�BI� sets a maximum value for the R0 for a given acoustic
pressure Pa for the bubble to be stable at the resonator center
but the bubble may still be off center. Another major differ-
ence between an Ar-in-sulfuric bubble and an Ar-in-water
bubble is that at a critical acoustic pressure Pa the moving
sulfuric bubble goes away from the resonator center.

Figure 4 shows the results of the spatially nonuniform
simulation of the bubble collapse. Figure 4�a� shows the tem-
perature evolution of the bubble center. We see that the maxi-
mum temperatures are achieved at time very near 0 �defined
as the time of the minimum bubble radius�.

The temperatures obtained in Fig. 4�a� are enough to pro-
duce ionization in the argon atoms. We used the multielec-
tron Saha equation to compute the fraction of argon atoms
that are ionized getting a value of the order of 1%. We as-
sumed the electrons resulting from the ionization, the Ar ions
and the Ar neutral atoms, to be in equilibrium due to the fact
the average time between collisions is of the order of pico-
seconds. Figure 4�b� shows the radial distribution of the

bubble temperature computed with the hyperbolic PDE
solver. We can see that no shock waves are present and that
the temperature profiles are fairly uniform.

Figure 5 shows the computed time resolved light emitted
spectra obtained from the temperature, and number of par-
ticles in the bubble �19�. For this discussion when we say
temperature we mean maximum temperature at the center.
We did not compute the light emitted �mainly in the infrared�
due to the excited Ar atoms and measured in �1�. The spatial

FIG. 4. �a�: Temporal evolution of the center temperature for the
detailed calculation �PDE�. This is a sulfuric acid calculation with
R0=11 �m, Pa=2.3 bar which corresponds to an argon concentra-
tion c=0.24. The maximum temperature for the simulation was T
=117 560 K at r=0 �bubble center� and t approximately 0 �time of
collapse�. �b�: Temporal evolution of the radial distribution of the
temperature �every 10 picoseconds before collapse. The normalized
temperature T is equal to 1 at the bubble center �r=0� location at
the time of collapse. The different curves correspond to different
times form the time of collapse. This figure corresponds to the
detailed calculation �PDE�.

FIG. 5. Time resolved continuous spectra of the emitting bubble
for �a� sulfuric acid mixture and �b� water. The parameters for 5�a�
are R0=5 �m, Pa=5.5 bar. The computed maximum temperature is
T=169 000 K and the minimum bubble radius is R=0.7 �m. The
parameters for �b� are R0=4 �m, Pa=1.4 bar which corresponds to
an argon concentration c=0.24 �which converts to 24% air in wa-
ter�. The maximum temperature is T=17 200 K and the minimum
bubble radius is R=0.7 �m. The parameters used in water are close
to bubble extinction condition. Note that the scale in the sulfuric
acid plot is four orders of magnitude compared to water. The com-
puted light fluence in sulfuric is three orders of magnitude higher
than the fluence in water. Time equal to 0 corresponds to time of
minimum radius.
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uniformity assumption in the temperature allows for closed
form solutions for the spectra of the light emitted by the
bubble. We did not use the temperature profile information in
this computations. The fact that the spectra resembles the
spectrum expected for a blackbody radiator at a much lower
temperature is due to the fact that the bubble behaves as a
volume emitter �19�.

Some effects that were not taken into account in the re-
sults presented so far are the presence of SO4H2 vapor based
on the fact that there is much more water vapor in the
bubble, the dissociation of these vapors and the spatial non-
uniformities in the temperature affecting the spectra of the
light emitted by the bubble.

In summary we present in this paper detailed bubble dy-
namics computations of a H2SO4 �aq.� liquid mixture that
contains argon gas dissolved in it. They include the bubble
radius temporal evolution, the shape instability that ends up
in the parametric instability, and the shape instability associ-
ated with Rayleigh-Taylor instability. We present the fixed
points of the system in phase space. We also present the
instability regions in phase space for parametric, Bjerknes
force, and Rayleigh-Taylor instabilities. We stress the differ-
ences with respect to a water-argon system.

We show detailed �PDE� calculations for a representative
condition in phase space. We find that no shock waves are
formed during the temporal evolution. Even without the

presence of shock waves we find that a fraction of the argon
atoms are ionized during a short period of time. Finally we
present time resolved spectra for both sulfuric acid and wa-
ter.

The picture that emerges from the analysis of these dy-
namic data is that the main cause for the differences between
the sulfuric acid behavior and the water behavior is that in
sulfuric the RT instability occurs at acoustic pressures that
are much higher than in water. The Bjerknes force may move
the bubble in sulfuric away from the resonator center but it
does not seem to be capable of producing the bubble extinc-
tion. The parametric instability controls the maximum ambi-
ent radius compatible with a given acoustic pressure but it
does not produce bubble extinction. In water on the other
hand RT acts at acoustic pressures of the order of 1.4 bar
producing the bubble extinction.

The picture that emerges from the temperature and spectra
calculations is that the temperatures obtained in the sulfuric
calculations are enough to justify the presence of Ar ions and
the 1000-fold increase in the light emission when compared
to water.
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